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Abstract
We extend a previous computation of the TJJ correlator, involving the energy-momentum
tensor of an abelian gauge theory and two vector currents (J ≡ JV ), to the case of mixed axial-
vector/vector currents (JA). The study is performed in analogy to the case of the AV V vertex
for the chiral anomaly. We derive the general structure of the anomalous Ward identities and
provide explicit tests of their consistency using Dimensional Reduction. Mixed massive correlators
of the form TJV JA are shown to vanish both by Ward identities and by C-invariance. The result
is characterized by the appearance of massless scalar degrees of freedom in the coupling of chiral
and vector theories to gravity, affecting both the soft and the ultraviolet region of the vertex. This
is in agreement with previous studies of the effective action of gauge and conformal anomalies in
QED and QCD.
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1
1 Introduction
In a previous work we have presented a complete computation of the off-shell graviton-photon-photon
vertex for an abelian gauge theory, which is derived from the correlator of the energy-momentum
tensor (T ) with two vector currents (J) (the TJJ correlator) [1, 2]. Previous studies of this correlator
include those of [3, 4, 5, 6], which were limited to the QED case, while, surprisingly, there has not been
any previous attempt to discuss the structure of more general vertices, such the TJAJA or TJV JA
correlators, carrying one insertion of the energy momentum tensor and of one or more chiral currents.
These correlators appear in the expression of the 1 particle irreducible (1PI) effective action which
describes the interaction of gravity with the fields of a chiral theory, such as the Standard Model,
and contribute, to leading order in the gauge coupling expansion, to the radiative breaking of scale
invariance. In turn, this is the prominent perturbative feature of the trace anomaly, which appears to
be generated by specific pole terms, as we are going to elaborate below.
Correlators of this type can potentially carry mixed anomalies. Specifically, this can be a trace
anomaly, due to the insertion of an energy momentum tensor, in combination with a chiral anomaly,
due to the presence of axial-vector currents. This anomaly mixing, in principle, is expected to be
present both in the case that we investigate - involving one or two axial-vector currents - and in higher
point functions. In the latter case they may involve a larger number of axial-vector gauge currents,
such as the TJAJAJA vertex and many others, which are divergent by power-counting, as one can
easily figure out, and contribute to higher perturbative orders.
As in the case of the diagram responsible for the chiral anomaly (the axial-vector/vector/vector,
or AV V diagram), also in the case under analysis one of the crucial points relies on the derivation of
the correct Ward identities which allow to define this trilinear vertex consistently. This point requires
some care, due to the formal manipulations involved in the handling of the functional integral and to
the presence of mass corrections. In the massless case, instead, the computation of this correlator can
be formally related to the vector case (the TJJ case) of [1, 2] by a naive manipulation of the chiral
projectors in the loops. Our investigation addresses all these points in some detail, offering a general
approach that can be applied to the realistic case of the Standard Model. In this respect, the study of
the gravitational coupling of a chiral abelian theory (with one anomalous U(1)) contains all the issues
that appear in of the fermion sector of the non-abelian case.
1.1 The anomalous effective action
As we have mentioned above, one of the key features of the trace anomaly is the appearance in the
1PI effective action of dynamical massless poles which mediate the anomalous interaction [1, 2]. The
story of massless poles in anomaly-mediated interactions, obviously, is not new, and goes back to
Dolgov and Zakharov [7], in their analysis of the chiral anomaly. The nonlocal ”1/” structure of the
effective anomalous interaction, due to the pole term in the correlator, is, in fact, a distinctive feature
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of the diagrammatic expansion of these effective theories. These can be made local at the cost of
introducing two pseudoscar (auxiliary) fields [8]. In the case of conformal anomalies, the identification
of similar massless poles and their interpretation has been addressed recently in [1], and in [2], by
direct computations. These singularities, as discussed in these works, affect both the infrared and the
ultraviolet region of the anomaly diagrams, as we will illustrate in the next sections. These features,
present in the QED and QCD cases, are naturally shared by an anomalous abelian theory when it
gets coupled to gravity.
The possible physical implications of this behaviour of the effective action have been discussed in
[9], and for this reason similar analysis in the complete Standard Model and for other correlators (such
as the TTT vertex ) are underway.
1.2 Aspects of the computation
Coming to other features of our computation, it should be remarked that a direct derivation from
first principles of correlators with axial-vector/vector currents and energy momentum insertions, in
general, runs into difficulties. This is due to the appearance of commutators of the energy momentum
tensor with the chiral current, situation that we will try to avoid.
As in the vector-like case, we will provide explicit expressions of all the form factors appearing in
the correlator, for a simple theory. We have selected an abelian model with two vector/axial-vector
currents and a single massive fermion. One important point that we intend to stress is that the local
(gauge) or global nature of the two currents, in the example that we provide, is not relevant for the
conclusions and the goals of this analysis, being the two gauge fields to which the two currents couple
just classical background fields. For this reason, our investigation is essentially the search of the correct
conditions for defining anomalous correlators of the form TJV JA and TJAJA (with a single insertion of
Tµν). The approach is the exact analogous of the one followed in the investigation of the AVV graph of
the chiral anomaly, and in principle could be generalized to more complex correlators. Unfortunately,
however, the explicit test of the Ward identities containing higher point functions becomes increasingly
difficult in perturbation theory.
Another remark concerns the use of Dimensional Reduction (DRED) with a 4-dimensional γ5 [10]
in our analysis. Typically, in these types of studies, it is necessary at each step to check the consistency
of the perturbative result against the constraints posed by the anomalous Ward identities. Our results,
which are more complex than in a previous analysis of the TJJ vertex, indeed satisfy these conditions.
It has also been checked that Dimensional Regularization (DR) and DRED give the same expression
for the TJAJA vertex, while they differ in the case of the TJV JA vertex by infinite contributions.
In this second case, as we are going to show, both the condition of charge conjugation invariance
(C-invariance) and the Ward identity extracted from the functional integral imply that this specific
vertex is required to vanish identically for any fermion mass.
3
2 The Lagrangian and the off-shell effective action
To establish notations, here we will briefly summarize our conventions. The diagrammatic contribu-
tions will be presented both in the usual V/A (vector/axial-vector) form, with Dirac spinors, and in
the L/R (Left-Right) form, using chiral fermions. We will include mass effects in the fermion loops
and we will keep all the external lines off their mass-shell in order to establish the most general form
of the corresponding effective action.
We consider a theory with a Dirac fermion ψ and two abelian gauge bosons, namely V and A,
described by the Lagrangian
L0 = −1
4
FV µνF
µν
V −
1
4
FAµνF
µν
A + ψ¯γ
µ(i∂µ + gVµ + gγ
5Aµ)ψ −mψ¯ψ, (1)
where the fermion couples to the two gauge bosons with, respectively, a vector and an axial-vector
interaction. In our conventions, the axial-vector gauge boson is denoted by A, while the vector one
is denoted by V . The axial current will be denoted JµA = ψ¯γ
µγ5ψ, and sometimes we will be using
a suffix “5” to emphasize its axial-vector character. For instance Π55 will denote the axial-axial two-
point function while Π ≡ ΠV V will denote the corresponding two-point function of the vector case. In
the derivation of the Ward identities which will be discussed below, the gauge fields will be considered
as external background fields both in the V/A and in the L/R formulation. This theory couples to
gravity in the weak gravitational field limit via the energy momentum tensor of (1).
In particular, the corresponding effective action will be formally defined as the sum of
1) the tree-level action given by (1)
S0 =
∫
d4xL0 (2)
and 2) the trilinear interactions TJAJV , TJV JV and TJAJA. These extra graphs appear as leading
corrections to the effective action, which is defined as
Sanom ≡ 〈ΓAAhAA〉+ 〈ΓV AhV A〉+ 〈ΓV V hV A〉 (3)
with
〈ΓhAA〉 ≡
∫
d4z d4x d4y ΓµναβAA hµν(z)Aα(x)Aβ(y) (4)
and similarly for all the other terms. The field hµν denotes the linearized fluctuations of the metric
around a flat background
gµν = ηµν + κhµν , κ =
√
16πGN (5)
with GN being the 4-dimensional Newton’s constant.
One of the principal goals of our investigation is to provide a correct definition of Sanom by deriving
the essential Ward identities of the anomalous correlators. At the same time we will show, as in a
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previous case study for QED, that the effective action is characterized by massless anomaly poles. The
extraction of these singularities, in our case, is not based on dispersion theory as in [1] but the results
are obviously equivalent to the dispersive treatment [2] in the massless case, with a generalization for
massive fermions.
2.1 Symmetries and the energy momentum tensor
The Lagrangian in (1) remains invariant under the local vector gauge transformation U(1)V
ψ → eig α(x)ψ, (6)
ψ¯ → ψ¯e−ig α(x), (7)
V µ → V µ + ∂µα(x), (8)
which implies the conservation of the vector current JµV ≡ Jµ = ψ¯γµψ. If the fermion mass is zero the
Lagrangian is also invariant under a local axial-vector gauge transformation U(1)A
ψ → eig β(x)γ5ψ, (9)
ψ¯ → ψ¯eig β(x)γ5 , (10)
Aµ → Aµ + ∂µβ(x), (11)
implying the conservation of the axial-vector current JA. Obviously, this is explicitly broken by the
contributions of massive fermions
∂µJ
µ
A = 2im ψ¯γ5ψ. (12)
The energy-momentum tensor consists of four contributions: the free fermion part Tf , the fermion-
boson interaction parts TiV and TiA , due to the interactions of the axial and vector gauge fields with
the fermions, and the gauge term Tg which are given by
T µνf = −iψ¯γ(µ
↔
∂
ν)ψ + gµν(iψ¯γλ
↔
∂λψ −mψ¯ψ), (13)
T µνiV = − gJ (µV ν) + ggµνJλVλ , (14)
T µνiA = − gJ
(µ
A A
ν) + ggµνJλAAλ , (15)
and
T µνg = F
µλ
V F
ν
V λ −
1
4
gµνF λρV FV λρ + F
µλ
A F
ν
Aλ −
1
4
gµνF λρA FAλρ. (16)
The complete energy-momentum tensor is
T µν = T µνf + T
µν
iV
+ T µνiA + T
µν
g , (17)
5
which couples to gravity with a linearized term of the form hµνT
µν . The Lagrangian (1) can be
rewritten in the chiral basis decomposing the fields in terms of their left-handed and right-handed
components by using the chirality projectors
PL =
1− γ5
2
, PR =
1 + γ5
2
. (18)
We define the chiral fermion fields as
ψL = PLψ, ψR = PRψ (19)
and the left and right gauge fields, AL and AR, as
AµL = V
µ −Aµ, (20)
AµR = V
µ +Aµ, (21)
so that the Lagrangian takes the form
L = −1
4
FLµν F
µν
L −
1
4
FRµν F
µν
R + ψ¯Lγµ(i ∂
µ + gAµL)ψL + ψ¯Rγµ(i ∂
µ + gAµR)ψR (22)
when the mass term has been set to vanish. The energy momentum is separated into the various chiral
contributions
T µνf,L = −iψ¯γ(µ
↔
∂
ν) PLψ + g
µνiψ¯γλ
↔
∂λ PLψ, (23)
T µνf,R = −iψ¯γ(µ
↔
∂
ν) PRψ + g
µνiψ¯γλ
↔
∂λ PRψ, (24)
T µνi,L = − g (J (µL Aν)L − gµνJλLALλ) , (25)
T µνi,R = − g (J (µR Aν)R − gµνJλRARλ) , (26)
with
JµL(x) = ψ¯(x)γ
µPLψ(x), (27)
JµR(x) = ψ¯(x)γ
µPRψ(x). (28)
Notice that the Lagrangian in (22) is invariant under the chiral transformation U(1)L × U(1)R.
2.2 Perturbative expansion of the axial-vector contributions
The analysis of the vector-like contributions, i.e. of the 〈TJJ〉 correlator, has been performed in great
detail in [2]. For this reason we will consider, at this point, a vanishing vector contribution (V → 0)
in the defining Lagrangian (1) and we will focus our discussion at the moment on its axial part. A
relation between the vector and axial contributions will be worked out in the later sections, where we
will show that mixed vector-axial vector correlators vanish for any nonzero m. We will also show how
to relate pure vector like to axial vector like contributions, as indicated below in Eq. 93.
6
To extract the one-loop contributions to the 〈TJAJA〉 correlator in the perturbative expansion
and identify those due to the conformal anomaly, it is sufficient to consider only the partial energy-
momentum tensor Tp given by the Dirac and the interaction term in eqs. (13) and (15)
T µνp = T
µν
f + T
µν
iA , (29)
while the gauge term in eq.(16) is only responsible, to second order (g2), of two non-amputated
diagrams removed from the perturbative expansion of the effective action. We also recall that the
conservation of the energy momentum tensor can be reformulated as a partial conservation equation
∂νT
µν
p = −∂νT µνAg , (30)
with
T µνAg ≡ FµλA F νAλ −
1
4
gµνF λρA FAλρ. (31)
Using diffeomorphism invariance one can derive formally a quantum relation similar to (30), which
takes the form
∂ν〈T µνp 〉A = g FµλA 〈JAλ〉A. (32)
This relation is the analogue - for the axial case - of the relation identified in [1], which allows to
extract the momentum conservation Ward identity in the case of the TJJ (for vector currents). In
(32) the functional average of T µνp is now defined as
〈T µνp (z)〉A ≡
∫
DψDψ¯ T µνp (z) e
i
∫
d4xLk(ψ)+ig
∫
d4x JA·A(x) (33)
with
Lk(ψ) ≡ ψ¯iγµ∂µψ (34)
being the kinetic fermion Lagrangian in flat spacetime, and we will denote by Sk(ψ) the corresponding
action. Notice that equation (32) can be naively thought as the quantum counterpart of the non-
homogeneous equation
∂νT
µν
p = g F
µλ
A JAλ (35)
satisfied by T µνp . Here the axial vector field A is taken as a background. A rigorous derivation of this
relation requires the use of invariance under diffeomorphism of the generating functional of the full
theory (expressed in terms of gµν and a Aµ) and an expansion around flat space, as can be checked.
The conservation equation (32) is relevant for the extraction of one of the Ward identities necessary
to define the correlator. Notice that the expectation value of Tp in the background of the gauge field
A is the generating functional of the correlation functions that we need. These are obtained by an
expansion through second order in the external field A. The relevant terms in this expansion are
explicitly given by
〈T µνp (z)〉A =
(ig)2
2!
〈T µνf (z) (JA · A) (JA · A)〉+ ig 〈T µνiA (z) (JA ·A)〉+ ... , (36)
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with (JA ·A) ≡
∫
d4xJA · A(x).
The corresponding diagrams are extracted via two functional derivatives respect to the background
field A and are given by
ΓµναβAA (z;x, y) ≡
δ2〈T µνp (z)〉A
δAα(x)δAβ(y)
∣∣∣∣
A=0
= V µναβ55 (z;x, y) +W
µναβ
55 (z;x, y), (37)
where
V µναβ55 (z;x, y) = (i g)
2 〈T µνf (z)JαA(x)JβA(y)〉A=0, (38)
and
W µναβ55 (z;x, y) = (i g)
δ2〈T µνiA (z)(JA ·A)〉
δAα(x)δAβ(y)
∣∣∣∣
A=0
= δ4(x− z)gα(µΠν)βAA(z, y) + δ4(y − z)gβ(µΠν)αAA(z, x) − gµν [δ4(x− z) + δ4(y − z)]ΠαβAA(x, y),
(39)
is a second term expressed in terms of the correlator of two axial currents
ΠαβAA(x, y) = −ig2〈JαA(x)JβA(y)〉
∣∣∣∣
A=0
. (40)
3 Ward identities
The consistent definition of the 〈TJAJA〉 correlator requires the imposition of some Ward identities
on it, that we are going to derive below. We start from the Ward identity to be satisfied by the axial
vector current and then move to the conservation equation of the energy momentum tensor.
3.1 Axial vector Ward identities
The axial vector Ward identity is given by
∂xα Γ
µναβ
AA (z;x, y) = ∂
x
α
[
V µναβ55 (z;x, y) +W
µναβ
55 (z;x, y)
]
. (41)
The two terms in the previous equation take the form
∂xα V
µναβ
55 (z;x, y) = (i g)
2 ∂xα 〈T µνf (z)JαA(x)JβA(y)〉 , (42)
∂xαW
µναβ
55 (z;x, y) = g
α(µΠ
ν)β
AA(z, y) ∂
x
αδ
4(x− z) + 2mi δ4(y − z)gβ(µΠν)AP (z, x)
− gµνΠαβAA(x, y)∂xαδ4(x− z)− 2migµν [δ4(x− z) + δ4(y − z)]ΠβAP (x, y), (43)
while ΠαAP (x, y) is defined by
ΠαAP (x, y) = −ig2〈Jα5 (x)P (y)〉
∣∣∣∣
A=0
, (44)
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Here, P denotes the pseudoscalar current P ≡ ψ¯γ5ψ, and ΠαAP ,ΠαβAA are related by the PCAC condition
2imΠβAP (x, y) = ∂
x
αΠ
αβ
AA(x, y). (45)
The derivative of the correlator with the insertion of the free energy momentum tensor (Tf ) can be
calculated using functional techniques. For this purpose we consider the generating functional with
the fermionic sources η and η¯ and the classical background sources V µ and Aµ coupled respectively
to the current operators JµV = ψ¯γ
µψ and JµA = ψ¯γ
µγ5ψ
〈T µνf (z)〉V,A,η,η¯ =
∫
DψDψ¯ T µνf (z) e
iSk(ψ)+i
∫
d4x (g JV ·V+g JA·A+ψ¯η+η¯ψ) (46)
and exploit the consequence of a chiral transformation on the corresponding Green’s functions.
The functional integral must be invariant under a reparameterization of the integration variables,
giving the identity∫
DψDψ¯ T µνf (z) e
i Sk(ψ)+i
∫
d4x (g JV ·V+g JA·A+ψ¯ η+η¯ ψ) =∫
Dψ′Dψ¯′ T µνf (z)
′ eiSk(ψ
′)+i
∫
d4x (g J ′
V
·V+g J ′
A
·A+ψ¯′ η+η¯ ψ′). (47)
For a local infinitesimal chiral transformation of the fermion fields defined by
ψ → ψ′ = ψ + i g ǫ(x) γ5 ψ, (48)
ψ¯ → ψ¯′ = ψ¯ + i g ǫ(x) ψ¯ γ5, (49)
we can compute the variation of the action S and of T µνp appearing on the the right hand side (r.h.s.)
of eq. (47). The action changes as
Sk(ψ′)′ = Sk(ψ) +
∫
d4x ǫ(x)(∂αJ
α
A(x)− 2imP (x)), (50)
whereas the vector and the axial-vector currents are obviously invariant
J ′µV = J
µ
V , J
′µ
A = J
µ
A. (51)
The variation of the free energy-momentum tensor is instead given by
δT µνf (z) =
1
2
[
JµA(z)∂
νǫ(z) + JνA(z)∂
µǫ(z)
]
− gµν
[
JλA(z)∂λǫ(z) − 2miǫ(z)P (z)
]
. (52)
We note that this change of variables is not a gauge transformation; V and A are therefore invariant.
For this reason, using also the invariance of the two currents, the interaction terms Ti,A and Ti,V of
the energy momentum tensor remain invariant as well. It follows that the variation of T µνp (z) is due
only to the free contribution shown above.
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If we rewrite the infinitesimal parameter ǫ(z) as ǫ(z) =
∫
d4x ǫ(x)δ4(z − x), the energy momentum
variation can be recast in the following form
δT µνf (z) =
∫
d4x ǫ(x)Hµν(x, z), (53)
where this definition of Hµν(x, z)
Hµν(x, z) = 1
2
JµA(z) ∂
ν
z δ
4(z − x) + 1
2
JνA(z) ∂
µ
z δ
4(z − x)
−gµν
(
JλA(z) ∂
z
λ δ
4(z − x)− 2imP (z) δ4(z − x)
)
(54)
will turn useful in the following. Given the chiral nature of the transformation, we include also the
anomalous variation of the measure
Dψ′Dψ¯′ = DψDψ¯ exp
{
i
∫
d4x ǫ(x)an
[
1
3
ǫαβµνFAαβF
A
µν + ǫ
αβµνF VαβF
V
µν
]}
(55)
where an =
g2
16pi2
is the anomaly coefficient. Expanding the r.h.s. of eq. (47) to the first order in ǫ and
taking into account the variation of the measure we obtain the Schwinger-Dyson equation
0 =
∫
d4x ǫ(x)
∫
DψDψ¯
{
i T µνf (z)
[
∂αJ
α
A(x)− 2miP (x) + igψ¯(x)γ5η(x) + igη¯(x)γ5ψ(x)
+ an
(
1
3
FA(x)F˜A(x) + F V (x)F˜ V (x)
)]
+Hµν(x, z)
}
eiSk(ψ)+i
∫
d4x (g JV ·V+g JA·A+ψ¯η+η¯ψ)
(with FF˜ ≡ ǫαβµνFαβFµν). The expression takes a simplified form if we set the sources η, V and η¯ to
zero, and hence we obtain the anomalous Ward identity
i〈T µνf (z)∂ · JA(x)〉A = −2m〈T µν(z)P (x)〉A − ian
1
3
FA(x)F˜A(x)〈T µνf (z)〉A − 〈Hµν(x, z)〉A. (56)
From Eq. (56) we can extract Ward identities on correlation functions which contain one insertion
of the energy-momentum tensor and several gauge currents just by functional differentiation respect
to the external sources. For example, taking a derivative of (56) with respect to background field Aµ
we obtain the constraint
∂xα
δ
δAβ(y)
〈T µνf (z)JαA(x)〉V,A,η,η¯
∣∣∣∣
V,A,η,η¯=0
=
δ
δAβ(y)
{
2mi〈T µνf (z)P (x)〉V,A,η,η¯ + i 〈Hµν(x, z)〉V,A,η,η¯
}∣∣∣∣
V,A,η,η¯=0
,
(57)
and performing explicitly the functional derivative we obtain the axial Ward identity
∂xα 〈T µνf (z)JαA(x)JβA(y)〉 = 2mi〈T µνf (z)P (x)JβA(y)〉+ i〈Hµν(x, z)JβA(y)〉 (58)
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where the last term is given by
〈Hµν(x, z)JβA(y)〉V,A,η,η¯
∣∣∣∣
V,A,η,η¯=0
= (−ig2)−1
{
1
2
ΠµβAA(z, y)∂
ν
z δ
4(z − x) + 1
2
ΠνβAA(z, y)∂
µ
z δ
4(z − x)
− gµν
[
ΠλβAA(z, y)∂
z
λδ
4(z − x)− 2miΠβAP (z, y)δ4(z − x)
]}
. (59)
Notice that Eq. (58) allows to derive indirectly the vacuum expectation value of the commutator of
Tf with JA by comparison with the canonical expression
∂xα 〈T µνf (z)JαA(x)JβA(y)〉 = 2mi〈T µνf (z)P (x)JβA(y)〉+ 〈
[
T µν(z), JαA(x)
]
gα,0δ(x0 − z0)JβA(y)〉 (60)
or
〈[T µν(z), JαA(x)]gα,0δ(x0 − z0)JβA(y)〉 = i〈Hµν(x, z)JβA(y)〉. (61)
Proceeding with the functional differentiation one can derive further unrenormalized Ward identities
for correlators of the form TJAJAJA
(ig)2 ∂xλ 〈T µνf (z)JλA(x)JαA(y)JβA(w)〉 = (ig)2 〈T µνf (z) 2miP (x)JαA(y)JβA(w)〉
+
8
3
anǫ
αβρσ ∂ρδ
4(x− y) ∂σδ4(x− w)〈T µνf (z)〉
+i(ig)2 〈Hµν(x, z)JαA(y)JβA(w)〉,
(62)
which can be analyzed and checked in perturbation theory in a specific regularization scheme.
3.2 The axial Ward identity in momentum space
The Ward identity on the 〈TJAJA〉 vertex is extracted combining eqs. (58) and (59) with eqs. (42)
and (43) and it is explicitly given by
∂xα Γ
µναβ
AA (z;x, y) = 2mi(i g)
2 〈T µνf (z)P (x)JβA(y)〉+
{
1
2
ΠµβAA(z, y)∂
ν
z δ
4(z − x)
+
1
2
ΠνβAA(z, y)∂
µ
z δ
4(z − x)− gµν
[
ΠλβAA(z, y)∂
z
λδ
4(z − x)− 2miΠβAP (z, y)δ4(z − x)
]}
+ gα(µΠ
ν)β
AA(z, y) ∂
x
αδ
4(x− z) + 2mi δ4(y − z)gβ(µΠν)AP (z, x)
− gµνΠαβAA(x, y)∂xαδ4(x− z)− 2migµν [δ4(x− z) + δ4(y − z)]ΠβAP (x, y). (63)
By defining
(2π)4 δ4(k − p− q) ΓµναβAA (k, p, q) =
∫
d4x d4y d4z e−i k·z+i p·x+i q·y ΓµναβAA (z;x, y) (64)
and
(2π)4 δ4(k − p− q)∆µνβAP (k, p, q) =
∫
d4x d4y d4z e−i k·z+i p·x+i q·y 〈T µνf (z)P (x)JβA(y)〉, (65)
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we obtain its form in momentum space
− ipα ΓµναβAA (k, p, q) = 2mi(i g)2∆µνβAP (k, p, q) +
{
1
2
ipνΠµβAA(q)
+
1
2
ipµΠνβAA(q)− gµν
[
ipλΠ
λβ
AA(q)− 2miΠβAP (q)
]}
− ipαgα(µΠν)βAA(q) + 2migβ(µΠν)AP (p)
+ gµν ipαΠ
αβ
AA(q)− 2migµν
[
ΠβAP (q) + Π
β
AP (p)
]
. (66)
We will be using this identity in the definition of the correlator with two axial-vector currents.
3.3 Ward identity for the conservation of Tµν
Moving to the the conservation equation of the energy momentum tensor, the derivation of the corre-
sponding Ward identity involves the functional relation (32) which is given by
∂
∂zν
ΓµναβAA (z;x, y) = −
∂
∂zµ
δ4(z − x)ΠαβAA(z, y) + gαµ
∂
∂zλ
δ4(z − x)ΠλβAA(z, y)
− ∂
∂zµ
δ4(z − y)ΠαβAA(x, z) + gβµ
∂
∂zλ
δ4(z − y)ΠλαAA(z, x), (67)
which can be simplified using the PCAC relation (45). In momentum space it gives
kνΓ
µναβ
AA (p, q) = (g
αµ kν − gαν pµ)ΠβνAA(q) + (gβµ kν − gβν qµ)ΠανAA(p). (68)
The complete set of defining conditions of each vertex, beside the two Ward identities derived above,
is the request of a symmetry on its µ, ν indices, i.e. ΓµναβAA = Γ
νµαβ
AA . We will be using these conditions
in order to fix the entire structure of the correlator and check the consistency of a given regularization
scheme.
4 Diagrammatic expansion
The relevant diagrams responsible for the conformal anomaly are shown in Fig. 1 and take the form
of eqs. (38) and (39). They consist of an amplitude with triangular topology (see Fig. 1b) and of a
bubble-like diagram (called a “t-bubble”, see Fig. 1c). This has the topology of a self-energy loop
inserted on each of the gauge lines and attached from one side to the T vertex. These contributions
are all of O(g2). At this point, we recall that the tree-level vertex with a graviton and a Dirac fermion,
namely V ′µν , and the trilinear graviton-gauge boson-fermion coupling, i.e. W ′µνα5 , induced by the
two contributions Tf and TiA are respectively given by
V ′µν(k1, k2) =
1
4
[γµ(k1 + k2)
ν + γν(k1 + k2)
µ]− 1
2
gµν [γλ(k1 + k2)λ − 2m] (69)
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Figure 1: The complete one-loop vertex (a) given by the sum of the 1PI contributions called V µναβ
55
(p, q) (b)
and Wµναβ
55
(p, q) (c) with a graviton hµν in the initial state and two gauge bosons with axial-vector couplings
Aα, Aβ in the final state.
W ′µνα5 = −
1
2
(γµγ5g
να + γνγ5g
µα) + gµνγαγ5 (70)
where k1 and k2 are generic momenta, incoming and outgoing, respectively. Notice that the first
contribution is vector-like, derived from (13) and, naturally, is the same appearing in the previous
analysis of the 〈TJJ〉 correlator in [2]. The second one, W ′µνα5 , due to (15), differs from the analogous
vertex W ′µνα appearing in the case of the 〈TJJ〉 correlator because of the presence of the γ5 matrix.
If we denote with k the incoming momentum of the graviton and with p and q the two outgoing
momenta of the A gauge bosons we obtain
(2π)4 δ4(k − p− q)V µναβ55 (p, q) ≡
∫
d4x d4y d4z e−ik·z+ip·x+iq·y 〈T µνf (z)JαA(x)JβA(y)〉 (71)
(2π)4 δ4(k − p− q)W µναβ5 5 (p, q) ≡
∫
d4x d4y d4z e−ik·z+ip·x+iq·y 〈T µνiA (z)JαA(x)JβA(y)〉. (72)
Explicitly
V µναβ5 5 (p, q) = −ig2
∫
d4l
(2π)4
tr
{
V ′µν(l + p, l − q)(l/ − q/+m)γβγ5 (l/+m) γαγ5(l/+ p/+m)
}
[l2 −m2] [(l − q)2 −m2] [(l + p)2 −m2] ,
(73)
W µναβ5 5 (p, q) = −ig2
∫
d4l
(2π)4
tr
{
W ′µνα5 (l/+m) γ
βγ5(l/ + q/+m)
}
[l2 −m2] [(l + q)2 −m2] , (74)
so that the complete one-loop amplitude (see Fig. 1) is built up by symmetrizing on the external boson
lines as
ΓµναβAA (p, q) = V
µναβ
5 5 (p, q) + V
µνβα
5 5 (q, p) +W
µναβ
5 5 (p, q) +W
µνβα
5 5 (q, p). (75)
5 Tensor decomposition and naive manipulations
As we have mentioned, the correlator is completely defined by a set of Ward identities, which amount
to renormalization conditions which should be imposed in such a way 1) to respect its Bose symme-
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try and 2) the conservation of the fundamental currents of the theory. This is the case for all the
anomalous correlators, both for chiral and conformal anomalies. At the same time, one needs a good
regularization scheme in order to proceed with the actual implementation of these conditions, which
could be obviously violated. This may require a (final) finite renormalization of the result in order to
force the result to satisfy the original Ward identities. In this respect, various regularization schemes
are available for chiral vertices, from a partially [11] to a totally anticommuting γ5. As we have al-
ready mentioned, in the computation of the correlator we have used DRED [10], with loop momenta
computed in D spacetime dimensions and traces performed in 4 dimensions, and we have verified all
the Ward identities formally derived in this work.
5.1 Vanishing of the TJV JA correlator
We start our analysis by studying the TJV JA correlator.
For this reason we just recall that this specific correlation function can be extracted by the gener-
ating functional
〈T µνp (z)〉V,A ≡
∫
DψDψ¯ T µνp (z) e
i
∫
d4x(Lk(ψ)+g JV ·V (x)+g JA·A(x))
= 〈T µνp ei
∫
d4x g ( JV ·V (x)+JA·A(x))〉. (76)
Here we have introduced two independent sources JV and JA. The corresponding correlators are
obtained via functional variations respect to the background fields V and A, namely
ΓµναβV A (z;x, y) ≡
δ2〈T µνp (z)〉V,A
δVα(x)δAβ(y)
∣∣∣∣
V,A=0
= V µναβ5 (z;x, y) +W
µναβ
5 (z;x, y). (77)
whose expressions in momentum space are (for the direct and the exchange contributions)
V µναβ5 dir (p, q) = −(−ig)2i3
∫
d4l
(2π)4
tr
{
V ′µν(l + p, l − q)(l/− q/+m)γβ (l/+m) γαγ5(l/+ p/+m)
}
[l2 −m2] [(l − q)2 −m2] [(l + p)2 −m2] ,
(78)
V µναβ5 ex (p, q) = −(−ig)2i3
∫
d4l
(2π)4
tr
{
V ′µν(l − p, l + q)(l/− p/+m)γαγ5 (l/+m) γβ(l/+ q/+m)
}
[l2 −m2] [(l + q)2 −m2] [(l − p)2 −m2] ,
(79)
W µναβ5 dir (p, q) = −(−ig)2i3
∫
d4l
(2π)4
tr
{
W ′µναγ5(l/+m)γ
β (l/ + q/+m)
}
[l2 −m2] [(l + q)2 −m2] , (80)
W µναβ5 ex (p, q) = −(−ig)2i3
∫
d4l
(2π)4
tr
{
W ′µνβ(l/+m)γαγ5 (l/ + p/+m)
}
[l2 −m2] [(l + p)2 −m2] , (81)
and where the vertices V ′µν and W ′µνα are defined as
V ′µν(k1, k2) =
1
4
[γµ(k1 + k2)
ν + γν(k1 + k2)
µ]− 1
2
gµν [γλ(k1 + k2)λ − 2m], (82)
W ′µνα = −1
2
(γµgνα + γνgµα) + gµνγα. (83)
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We will use the same trick used for the proof of Furry’s theorem to show the vanishing of this correlator,
which is formally divergent and therefore ill-defined. For this reason one needs some external Ward
identities in order to resolve its structure. For the TJV JA vertex the situation is quite peculiar since
one can show, using DRED and by allowing momentum shifts, that the three Ward identities are
indeed homogeneous
kµΓ
µναβ
V A = pαΓ
µναβ
V A = qβΓ
µναβ
V A = 0, (84)
while the properties of symmetry of the correlator are respected. Obviously, this indicates that there
is a regularization scheme in which the anomaly of the axial-vector current JA does not appear.
A closer inspection shows that this result is caused by a cancellation between the direct and the
exchange contribution, since the ǫ-tensor is present in each of the two (direct and exchange) diagrams
contributing to the vertex, but not in their sum. Indeed, this clearly seems to indicate that this
correlator may be vanishing identically. A second argument, based on charge conjugation invariance
brings to identical conclusions.
For this reason, we take the expression of the triangle diagram and insert the identity C−1C = 1
- involving the charge conjugation matrix C between every γ matrix - together with the relations
C γµ C−1 = −(γµ)T , C γ5 C−1 = γ5, (85)
so that the trace in eq. (78) becomes
T = tr
{
V˜ ′µν(l + p, l − q)T (l/− q/−m)T (γβ)T (l/−m)T (γα)T γ5(l/ + p/−m)T
}
= −tr
{
V˜ ′µν(l + p, l − q)(l/ + p/−m)γαγ5 (l/ −m) γβ (l/ − q/−m)
}
(86)
where V˜ ′µν differs from V ′µν only for the sign of the mass term
V˜ ′µν(k1, k2) =
1
4
[γµ(k1 + k2)
ν + γν(k1 + k2)
µ]− 1
2
gµν [γλ(k1 + k2)λ + 2m]. (87)
Changing the integration variable l→ −l in eq.(86) we get
T = −tr
{
V ′µν(l − p, l + q)(l/− p/+m)γαγ5 (l/+m) γβ (l/+ q/+m)
}
, (88)
while the three denominators in eq.(78) change according to
1
[l2 −m2] [(l − q)2 −m2] [(l + p)2 −m2] →
1
[l2 −m2] [(l + q)2 −m2] [(l − p)2 −m2] . (89)
Combining eq.(88) and (89) it is easy to recognize that
V µναβ5 dir (p, q) = −V µναβ5 ex (p, q) (90)
so that the sum of the two triangles vanishes.
The last point to check in order to be sure of the vanishing of the vertex concerns the contributions
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pµpνpαpβ
qµqνqαqβ
pµpνpαqβ
pµpνqαpβ
pµqνpαpβ
qµpνpαpβ
pµpνqαqβ
pµqνpαqβ
qµpνpαqβ
pµqνqαpβ
qµpνqαpβ
qµqνpαpβ
pµqνqαqβ
qµpνqαqβ
qµqνpαqβ
qµqνqαpβ
gµνgαβ
gαµgβν
gανgβµ
pµpνgαβ
pµqνgαβ
qµpνgαβ
qµqνgαβ
pβpνgαµ
pβqνgαµ
qβpνgαµ
qβqνgαµ
pβpµgαν
pβqµgαν
qβpµgαν
qβqµgαν
pαpνgβµ
pαqνgβµ
qαpνgβµ
qαqνgβµ
pµpαgβν
pµqαgβν
qµpαgβν
qµqαgβν
pαpβgµν
pαqβgµν
qαpβgµν
qαqβgµν
Table 1: The 43 tensor monomials called lµναβi (p, q) built up from the metric tensor and the two independent
momenta p and q into which a general fourth rank tensor can be expanded.
from the t-bubble diagrams. These have been defined in eq.(80) and (81) and their topology is the
one showed in Fig. 1c. These are both separately equal to zero because they consists of a combination
of 2-point functions of the form ΠαβV A(p) given by
ΠαβV A(p) = −g2
∫
d4l
(2π)4
tr
{
γαγ5 (l/+m)γ
β (l/+ p/+m)
}
[l2 −m2] [(l + p)2 −m2] (91)
which are also identically vanishing.
5.2 The computation of the 〈TJAJA〉 correlator
We now going to address the computation of the TJAJA vertex, but prior to that we briefly review
the vector/vector case. As discussed in [1] and in [2] the full one-loop amplitude with the energy
momentum tensor coupled to two vector currents, ΓµναβV V , can be expanded on the basis provided by
the 43 monomial tensors lµναβi (p, q) listed in Tab. 1
ΓµναβV V (p, q) =
43∑
i=1
Ai(k
2, p2, q2) lµναβi (p, q), (92)
whose form factors Ai(k
2, p2, q2) are not all convergent, since the amplitude has total mass dimension
equal to 2. It has been shown in [2] that they can be divided into 3 groups:
a) A1 ≤ Ai ≤ A16 - multiplied by a product of four momenta, they have mass dimension −2 and
therefore are UV finite;
b) A17 ≤ Ai ≤ A19 - these have mass dimension 2 since the four Lorentz indices of the amplitude
are carried by two metric tensors
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i tµναβi (p, q)
1
(
k2gµν − kµkν)uαβ(p.q)
2
(
k2gµν − kµkν)wαβ(p.q)
3
(
p2gµν − 4pµpν)uαβ(p.q)
4
(
p2gµν − 4pµpν)wαβ(p.q)
5
(
q2gµν − 4qµqν)uαβ(p.q)
6
(
q2gµν − 4qµqν)wαβ(p.q)
7 [p · q gµν − 2(qµpν + pµqν)]uαβ(p.q)
8 [p · q gµν − 2(qµpν + pµqν)]wαβ(p.q)
9
(
p · q pα − p2qα) [pβ (qµpν + pµqν)− p · q (gβνpµ + gβµpν)]
10
(
p · q qβ − q2pβ) [qα (qµpν + pµqν)− p · q (gανqµ + gαµqν)]
11
(
p · q pα − p2qα) [2 qβqµqν − q2(gβνqµ + gβµqν)]
12
(
p · q qβ − q2pβ) [2 pαpµpν − p2(gανpµ + gαµpν)]
13
(
pµqν + pνqµ
)
gαβ + p · q (gανgβµ + gαµgβν)− gµνuαβ
−(gβνpµ + gβµpν)qα − (gανqµ + gαµqν)pβ
Table 2: The 13 fourth rank tensors tµναβi (p, q) satisfying the vector current conservation on the
external lines with momenta p and q.
c) A20 ≤ Ai ≤ A43 - they appear next to a metric tensor and two momenta, have mass dimension
0 and are divergent.
In [1] the 43 invariant amplitudesAi(k
2, p2, q2) have been cleverly reduced to the 13 named Fi(k
2, p2, q2).
A similar result is obtained in [2] using a different intermediate basis. This reorganization of the am-
plitude shows conclusively that the effective action of theories with conformal anomalies is affected by
anomaly poles which contain the entire signature of the anomaly [12].
As we are going to show, a similar result holds also for the 〈TJAJA〉 vertex. At the same time,
we are going to demonstrate the appearance only of conformal anomalies, since the mixed anomalies
cancel, and present the complete expression of this vertex.
To illustrate this point, we observe that the insertion of the non-chiral component of T µν (rep-
resented by T µνf ) in the correlator V55, defines one of the two subamplitudes which may potentially
generate mixed anomalies. On the other hand, it is however obvious - by a glance at the structure
of the correlator - that we could remove symmetrically the chiral matrix all together. Therefore, the
〈TJAJA〉 correlator can be split in two terms, the first being the correlator with two vector currents
called TJV JV , while the second is an extra contribution, proportional to the fermion mass m, denoted
by Ω
ΓµναβAA (p, q) = Γ
µναβ
V V (p, q) + Ω
µναβ(p, q). (93)
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The explicit computation of the correlator with two vector currents ΓµναβV V can be borrowed from [2],
but the computation of the extra terms is very involved, due to the need to select a specific number
of tensor structures in its expansion. Notice that the decomposition in eq. (93) is particularly useful
because shows that the vector and axial-vector cases coincide in the chiral limit, i.e. for Ωµναβ = 0.
As we have just mentioned above, the amplitude ΓµναβV V can be expanded in the reduced basis given
in Tab. 2
ΓµναβV V (p, q) =
13∑
i=1
Fi(s; s1, s2,m
2) tµναβi (p, q) , (94)
where the invariant amplitudes Fi(s; s1, s2,m
2) are functions of the kinematical invariants s = k2 =
(p + q)2, s1 = p
2, s2 = q
2. Their explicit expressions in the general case have been given in [2]. In
the simplest case, i.e. for an internal zero mass fermion (m = 0) and on-shell photons on the external
lines (s1 = s2 = 0), the only non-vanishing Fi(s; s1, s2,m
2) are given by
F1(s, 0, 0, 0) = − g
2
18π2s
, (95)
F3(s, 0, 0, 0) = F5(s, 0, 0, 0) = − g
2
144π2 s
, (96)
F7(s, 0, 0, 0) = −4F3(s, 0, 0, 0), (97)
F13,R(s, 0, 0, 0) = − g
2
144π2
[
12 log
(
− s
µ2
)
− 35
]
, (98)
(with s < 0) where F13 is affected by charge renormalization (with a scale µ). As we are going to
discuss next, F1 is the only form factor contributing to the trace anomaly in the massless case, and
contains an anomaly pole. In this sense we can say that the pole saturates the anomaly and completely
accounts for it. In [1] this 1/s terms is identified by a spectral analysis of the correlator, while the
same structure emerges form the complete expressions of the form factors derived in [2] and presented
above.
Coming instead to the new contribution Ωµναβ appearing in eq. (93), this can be written as
Ωµναβ(p, q) = ΩµναβV (p, q) + Ω
µνβα
V (q, p) + Ω
µναβ
W (p, q) + Ω
µνβα
W (q, p), (99)
where the amplitudes ΩµναβV and Ω
µναβ
W are given by
ΩµναβV (p, q) = −2m(−ig2)
∫
d4l
(2π)4
tr
{
V ′µν(l + p, l − q)(l/ − q/+m)γβγα(l/ + p/+m)}
[l2 −m2] [(l − q)2 −m2] [(l + p)2 −m2] ,
(100)
ΩµναβW (p, q) = −2m(−ig2)
∫
d4l
(2π)4
tr
{
W ′µνα γβ(l/ + q/+m)
}
[l2 −m2] [(l + q)2 −m2] , (101)
with the V ′µν andW ′µνα defined in eqs (82) and (83). The remaining two terms in eq. (99) are simply
the Bose symmetric amplitudes obtained exchanging the indices α and β and the momenta p and q of
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(100) and (101). The extra term Ωµναβ can be expanded on the basis provided by the 43 monomial
tensors lµναβi (p, q) listed in Tab. 1
Ωµναβ(p, q) =
43∑
i=1
Ei(k
2, p2, q2,m2) lµναβi (p, q), (102)
where the form factors Ei(k
2, p2, q2,m2) are some functions of the kinematical variables and of the
mass of the fermion in the loop. This needs to be identified by a direct inspection. The explicit
computation shows that not all the 43 invariant amplitudes Ei(k
2, p2, q2,m2) are really present in
this expansion and therefore the surviving ones can be appropriately combined in a lower number of
composite tensor structures. This result can be organized in a more compact form after introducing
a new tensor basis whose elements fµναβi (p, q) (i = 1, . . . , 9) are listed in Tab.3. We obtain
Ωµναβ(p, q) =
9∑
i=1
Ri(s, s1, s2,m
2) fµναβi (p, q), (103)
where the invariant amplitudes Ri(s, s1, s2,m
2) depend on the kinematical variables s = k2 = (p+q)2,
s1 = p
2, s2 = q
2 besides the fermion mass m.
Three of the nine tensors are Bose symmetric, namely,
fµναβi (p, q) = f
µνβα
i (q, p) , i = 1, 6, 9 , (104)
while the remaining ones form three pairs related by Bose symmetry
fµναβ2 (p, q) = f
µνβα
3 (q, p) , (105)
fµναβ4 (p, q) = f
µνβα
5 (q, p) , (106)
fµναβ7 (p, q) = f
µνβα
8 (q, p) . (107)
This basis is particularly useful because only the first three of the nine tensors have a non-zero trace
gµνf
µναβ
1 (p, q) = 3k
2gαβ , (108)
gµνf
µναβ
2 (p, q) = gµνf
µναβ
3 (p, q) = 2(p
αqβ − pβqα) , (109)
while the remaining six tensors are traceless
gµνf
µναβ
i (p, q) = 0 , i = 4, 5, 6, 7, 8, 9 . (110)
At this point, the goal is to express the amplitude Ωµναβ(p, q) in an analytical form. We start from
the evaluation of the integrals in eqs. (100) and (101), obtaining the form factors Ei. At a second
stage we map them into the new parameterization defined in eq. (103), determining in this way the
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i fµναβi (p, q)
1
(
k2gµν − kµkν) gαβ
2 pνqβgαµ + pµqβgαν − pνqαgβµ − pµqαgβν
3 pαqνgβµ + pαqµgβν − pβqνgαµ − pβqµgαν
4 pνpβgαµ + pµpβgαν − pνpαgβµ − pµpαgβν
5 qαqνgβµ + qαqµgβν − qβqνgαµ − qβqµgαν
6 (pµqν + qµpν)gαβ + p · q (gανgβµ + gαµgβν − gαβgµν)
7
(
p2gµν − 4pµpν) gαβ
8
(
q2gµν − 4qµqν) gαβ
9 (p · qgµν − 2(qµpν + pµqν)) gαβ
Table 3: Basis of 9 fourth rank tensors called fµναβi (p, q).
coefficients Ri. The relations between the two sets {Ei}i=1,...,43 and {Ri}i=1,...,9, for the most general
external momenta are
R1 =
1
3k2
(
E20 p
2 + 2E21 p · q + E23 q2 + 4E17 + 2E18
)
, (111)
R2 = E26, (112)
R3 = E33, (113)
R4 = E26, (114)
R5 = E33, (115)
R6 =
E18
p · q , (116)
R7 = − 1
12k2
(
E20 p
2 + 2E21 p · q + E23 q2 + 4E17 + 2E18
)− E20
4
, (117)
R8 = − 1
12k2
(
E20 p
2 + 2E21 p · q + E23 q2 + 4E17 + 2E18
)− E23
4
, (118)
R9 = − 1
6k2
(
E20 p
2 + 2E21 p · q + E23 q2 + 4E17 + 2E18
)
+
E18
2p · q −
E21
2
, (119)
where all the dependence on the kinematical invariants k2, p2, q2 and m2 appearing in the sets Ri and
Ei has been omitted. The explicit expressions in DRED of the form factors Ri have been collected in
Appendix B and represent an important step in the computation of the 〈TJAJA〉 correlator. These
form factors are affected by the usual ultraviolet singularities, which in a renormalizable theory would
be removed by standard renormalization counterterms. In our case they turn out to be proportional
to 2-point functions.
Except for these possible counterterms, the main techniques and methods used in this analysis
remain invariant and are of an easy application also in the case of the Standard Model. Notice, in
particular, that the main equation (93) implies that the non-renormalizable contributions are pro-
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Figure 2: Chiral decomposition of the correlator.
portional to mass corrections contributing to Ω, and the non-renormalizable terms indeed involve
correlators of two axial-vector currents, as just mentioned above. The renormalization of the first
contribution ΓV V is canonical, and is attributed to the form factor F13 of Eq. (98), which is induced
by a renormalization of 2-point functions of vector currents.
Before coming to the analysis of the other vertices, in closing this section we just remark that
our analysis in the V/A basis can be rewritten completely in terms of chiral L/R currents, since the
following relations hold for nonzero m
〈TJV JV 〉 = 〈TJLJL〉+ 〈TJRJR〉+ 〈TJLJR〉+ 〈TJRJL〉, (120)
〈TJAJA〉 = 〈TJLJL〉+ 〈TJRJR〉 − 〈TJLJR〉 − 〈TJRJL〉, (121)
〈TJAJA〉 = 〈TJV JV 〉 − 2 (〈TJLJR〉+ 〈TJRJL〉) . (122)
〈TJLJL〉 = 〈TJRJR〉 = 1
4
(〈TJJ〉+ 〈TJAJA〉) , (123)
while
〈TLJLJL〉 = 〈TRJRJR〉 = 1
2
〈TJJ〉 (124)
is valid for a vanishing fermion mass m. The formulation in terms of L/R currents is the most
convenient for the study of vertices containing trace anomalies, in the case of realistic theories such
as the Standard Model.
6 Trace anomaly of the 〈TJAJA〉 correlator
We now move to analyze the trace of the 〈TJAJA〉 correlator. We consider generic virtualities of the
external lines and a massive fermion.
In the absence of anomalies, the naive trace of the ΓµναβAA amplitude is simply obtained by replacing
the partial energy-momentum tensor T µνp in the 〈TJAJA〉 correlator with its classical trace T µpµ =
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−mψ¯ψ and it is given by
ΛαβAA(p, q) = −m (ig)2
∫
d4x d4y eip·x+iq·y〈ψ¯ψJαA(x)JβA(y)〉
= −mg2
∫
d4l
(2π)4
tr
{
i
l/− q/−mγ
βγ5
i
l/−mγ
αγ5
i
l/+ p/−m
}
+ exch. (125)
As in eq. (93) we can split the ΛαβAA into two terms: the first, Λ
αβ
V V , being the classical trace obtained
from the 〈TJV JV 〉 correlator, whereas the second, ΛαβΩ , takes into account the axial contribution to
the amplitude as
ΛαβAA(p, q) = Λ
αβ
V V (p, q) + Λ
αβ
Ω (p, q). (126)
The ΛαβV V amplitude refers to the 〈TJV JV 〉 correlator. It can be written in the form
ΛαβV V (p, q) = G1(s, s1, s2,m
2)uαβ(p, q) +G2(s, s1, s2,m
2)wαβ(p, q), (127)
where the rank-2 tensors are defined by
uαβ(p, q) ≡ (p · q) gαβ − qα pβ , (128)
wαβ(p, q) ≡ p2 q2 gαβ + (p · q) pα qβ − q2 pα pβ − p2 qα qβ, (129)
with coefficients Gi(s, s1, s2,m
2) which are left to an Appendix (Appendix C).
The second term ΛαβΩ in eq.(126) can be decomposed into two tensorial structures as
ΛαβΩ (p, q) = H1(s, s1, s2,m
2)gαβ +H2(s, s1, s2,m
2)(pαqβ − qαpβ) (130)
where the functions Hi are related to the invariant amplitudes Ri listed in Appendix B by the relations
3sR1(s, s1, s2,m
2) = H1(s, s1, s2,m
2)− g
2m2
π2
, (131)
2R2(s, s1, s2,m
2) + 2R3(s, s1, s2,m
2) = H2(s, s1, s2,m
2) . (132)
The analytical expressions of the off-shell Hi(s, s1, s2,m
2) form factors are given by
H1(s, s1, s2,m
2) =
g2m2
2π2
[
D1(s, s1,m2) +D2(s, s2,m2)− 2B0(s2,m2) + (s− 4m2)C0(s, s1, s2,m2)
]
,
H2(s, s1, s2,m
2) =
g2m2
π2σ
[
(s+ s1 − s2)D1(s, s1,m2) + (s − s1 + s2)D2(s, s2,m2)
+ s(s− s1 − s2)C0(s, s1, s2,m2)
]
, (133)
where σ ≡ s2−2(s1+s2) s+(s1−s2)2 and the scalar integrals B0(s2,m2), D1(s, s1,m2), D2(s, s1,m2),
C0(s, s1, s2,m2) for generic virtualities and masses are defined in Appendix A.
Tracing the ΓµναβAA correlator we obtain the relation
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(a) (b)
Figure 3: Polar form of the correlator for external on-shell lines: (a) the contribution to the spectral density
from the collinear on-shell region of the anomaly loop; (b) the pole as virtual exchange in Γanom.
gµνΓ
µναβ
AA (p, q) = Λ
αβ
AA(p, q)−
g2
6π2
uαβ(p, q)− g
2m2
π2
gαβ , (134)
where the first term on the right-hand-sice is the trace anomaly appearing already in the 〈TJV JV 〉
correlator. The second term, proportional tom2, comes from the axial extra term Ωµναβ and denotes an
additional explicit breaking related to the fermion mass. In particular, the anomaly − g26pi2uαβ is carried
by the form factor F1, whose expression is given in [2], whereas the mass correction −g2m2/π2gαβ is
induced by R1. This additional contribution is gauge variant and its origin can be traced back to the
breaking of the U(1)A gauge symmetry due to the fermion mass term.
In the conformal limit the anomalous trace equation (134) takes a simpler form because, as we have
already discussed in the previous sections, the 〈TJAJA〉 correlator reduces to the 〈TJV JV 〉 and we
obtain
gµνΓ
µναβ
AA (p, q)
∣∣∣∣
m=0
= gµνΓ
µναβ
V V (p, q)
∣∣∣∣
m=0
= − g
2
6π2
uαβ(p, q). (135)
We give in Appendix B the general expression of the form factors Ri (i = 1, . . . , 9), which, combined
with the results of the 13 form factors Fj , characterize completely the contributions to the effective
action of a vector/axial-vector abelian theory mediated by the conformal anomaly.
Concerning the connection between the anomalous contribution and the β function of the theory,
also in this case remain valid our previous conclusions, given in [1, 2]. Specifically, we just recall, at
this point, that in the (mass independent) regularization scheme MS scheme, the e2 term in the trace
is directly related to the β function in this scheme since β(g) = g3/(12π2). In particular, the form
factor F13 is affected by renormalization via the electric charge [1] [2].
We close this section with few remarks concerning the structure of the effective action for these
types of theories, which can be identified from the variational integration of the anomaly equation
[13]. This approach is, in a way, complementary to the strategy that we follow, based on a direct
computation. As shown in [1] there is perfect agreement between the operatorial structure of vari-
ational solution, which also exhibits a 1/ effective interaction, and the anomaly pole found in our
analysis. In the variational solution of [13], the 1/s massless exchange appears after a linearization of
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the same solution around the flat spacetime limit, as pointed out in [1]. In fact, one obtains in the
weak gravitational field limit
Sanom[g,A] = − c
6
∫
d4x
√−g
∫
d4x′
√
−g′R(1)x −1x,x′ [FαβFαβ]x′ , (136)
(c = −g2/(24π2)). In this case
R(1)x ≡ ∂xµ ∂xν hµν −h, h = ηµν hµν (137)
is the linearized scalar curvature. As in the case of the TJJ correlator [1] the anomalous contribution
to the trace is all contained in the (conformal) anomaly pole (Fig. 3 b)
Γµναβanom(p, q) =
∫
d4x
∫
d4y eip·x+iq·y
δ2T µνanom(0)
δAα(x)δAβ(y)
=
g2
18π2
1
k2
(
gµνk2 − kµkν)uαβ(p, q) , (138)
where [1]
T µνanom(z) =
c
3
(gµν− ∂µ∂ν)z
∫
d4x′−1z,x′
[
FαβF
αβ
]
x′
. (139)
This effective action is trivially obtained from the tensor structure F1t
µναβ
1 , present in the expansion
of Γµναβ and accounts for the full trace of the correlator in the massless fermion limit, as shown in
Eq. (135).
6.1 Infrared couplings of the anomaly poles and UV behaviour
Before coming to conclusions, we pause here in order to comment on these results and on their meaning
on a wider perspective.
We recall that a similar analysis in the QED case [1, 2] also manifests such pole singularities,
which appear to be rather generic in anomaly amplitudes. They can be attributed, diagrammatically,
to specific configurations of the loop momenta, as illustrated in Fig. (3). The diagram in this figure
describes a massive external line decaying into two massless intermediate fermions, in turn decaying
into two on-shell axial (or vector) lines (the equivalence between the axial and the vector case in the
massless limit is the content of Eq. 93 (Ω→ 0)).
The pole is detected by a computation of the spectral density (ρ(s)), which turns out to be
proportional to a delta-function (ρ(s) ∼ δ(s)). ρ(s) can be found just by evaluating the s-channel cut
of the anomalous graph using Cutkovsky rules. This approach, as discussed before [1, 2], allows to
identify the anomaly poles which are of infrared origin (s ∼ 0). Other contributions, also characterized
by form factors of the form 1/s, as we have shown, appear in the anomalous amplitude when one
performs an off-shell computation of the anomalous correlator. These contributions describe the UV
behaviour of an anomalous amplitude (s→∞) and as such they are usually referred to as “ultraviolet
poles”, although the name is slightly misleading, being only generated after an asymptotic expansion
of the massive correlator. In fact, the residue of the correlator as s → 0 is indeed vanishing in the
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massive fermion case [2], showing that no pole is coupled in this limit. Apart from this important
detail, it is however correct to retain their appearance in a perturbative computation - even in the UV
region - as a manifestation of the same phenomenon of the trace anomaly. In the case of the chiral
anomaly the situation is identical.
These computations [2] show that the asymptotic expansion - at large energy - of the regulated
graphs responsible for the trace anomaly can be accompanied by corrections which are suppressed as
m2/s2 (as s ≫ m2) in the high energy limit, where m is the mass of the fermion in the virtual loop.
This organization of the effective action in the UV region allows to recover the ordinary radiative
breaking of scale invariance at high energy, being mass corrections negligible in this regime. The use
of a mass-independent regularization scheme, such as DRED or DR, is perfectly well taylored in this
case, since the separation between pole term and mass corrections involves an asymptotic expansion
(at high energy). In particular the β function computed in such schemes consistently accounts for the
UV running of the coupling [2].
We have described this point at length in the case of the gauge anomaly in [14], to which we refer
for more details. This implies that the anomaly is saturated by a pole in very different kinematical
regions, in agreement with previous analysis performed in chiral theories [14, 15].
These conclusions show that the description of the effective action in terms of two auxiliary fields
- which are introduced in order to recover the local form of the Lagrangian - is significant both in
massless theories [1, 16] (for instance on null surfaces, i.e. s = 0), but also in the high energy domain,
for large values of s. We refer to [1, 16] for a discussion of the auxiliary field formulation. Similar
arguments have been presented in [8, 14, 17] for the axion pole in the chiral coupling of anomalous
U(1)’s (in the AV V vertex), proving that these auxiliary degrees of freedom are the most significant
signature of chiral and conformal anomalies.
7 Conclusions
We have presented an off-shell computation of the correlator of the energy momentum tensor and two
vector/axial-vector currents in a chiral theory with an anomalous fermion spectrum, useful for the
study of the coupling of anomalous U(1)’s to gravity. These interactions are mediated by the trace
anomaly. Starting directly from the functional integral, we have derived the Ward identities for the
corresponding vertices. These apply, in general, to any correlator of similar type. All the computations
have been performed using DRED, and we have shown the cancellation of mixed chiral/conformal
anomalies for these types of vertices.
Our computation can be viewed as the generalization of the classical analysis of the AV V diagram
to these new vertices. We have allowed explicit mass breaking terms to investigate the most general
form of the Ward identities for these correlators, that we anticipate of being of crucial importance for
the more general analysis in the Standard Model case.
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Obviously, the inclusion of our current study into a theory with spontaneous symmetry breaking
and Yukawa couplings, such as the Standard Model, would allow to relate the explicit chiral symmetry
breaking terms (mass terms) to the extra interactions of the theory, in particular to the Higgs sector.
We have also shown that, similarly to the case of a vector-like theory, also in the case of a mixed
vector/axial-vector theory, the effective action obtained by coupling gravity to the gauge currents is
characterized by effective massless degrees of freedom. A more general analysis of these issues and, in
particular, an application of the methods developed in this work in the analysis of anomaly mediation
in the Standard Model will be presented in a related work.
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A Appendix. Definitions and conventions for the scalar integrals
We collect here the expressions of the three master integrals which appear in the computation in order
to be self-contained. The one-, two- and three-point functions are respectively given by
A0(m2) = 1
iπ2
∫
dnl
1
l2 −m2 = m
2
[
1
ǫ¯
+ 1− log
(
m2
µ2
)]
, (140)
B0(k2,m2) = 1
iπ2
∫
dnl
1
(l2 −m2) ((l − k)2 −m2)
=
1
ǫ¯
+ 2− log
(
m2
µ2
)
− a3 log
(
a3 + 1
a3 − 1
)
, (141)
C0(s, s1, s2,m2) = 1
iπ2
∫
dnl
1
(l2 −m2) ((l − q)2 −m2) ((l + p)2 −m2)
= − 1√
σ
3∑
i=1
[
Li2
bi − 1
ai + bi
− Li2−bi − 1
ai − bi + Li2
−bi + 1
ai − bi − Li2
bi + 1
ai + bi
]
, (142)
with σ ≡ s2 − 2(s1 + s2) s+ (s1 − s2)2,
1
ǫ¯
=
1
ǫ
− γ − log π, ai =
√
1− 4m
2
si
, bi =
−si + sj + sk√
σ
, (143)
where s3 = s and in the last equation i = 1, 2, 3 and j, k 6= i.
We organize the perturbative expansion in terms of two finite combinations of scalar functions
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given by
B0(s,m2)m2 −A0(m2) = m2
[
1− a3 log a3 + 1
a3 − 1
]
, (144)
Di ≡ Di(s, si,m2) = B0(s,m2)− B0(si,m2) =
[
ai log
ai + 1
ai − 1 − a3 log
a3 + 1
a3 − 1
]
i = 1, 2.
(145)
B Appendix. Form factors for the off-shell 〈TJAJA〉 correlator
This appendix contains the form factors involved in the decomposition of the 〈TJAJA〉 correlator, as
in eq.(103), expressed in terms of scalar integrals after the tensorial reduction
R1(s, s1, s2,m
2) =
g2m2
6π2 s
[
D1(s, s1,m2) +D2(s, s2,m2)− 2B0(s2,m2)− 2
+ (s− 4m2)C0(s, s1, s2,m2)
]
(146)
R2(s, s1, s2,m
2) =
g2m2
4π2 σ
[
2(s − s1 − s2)D1(s, s1,m2) + 4s2D2(s, s2,m2)
+ ((s− s1)2 − s22)C0(s, s1, s2,m2)
]
(147)
R3(s, s1, s2,m
2) =
g2m2
4π2 σ
[
4s1D1(s, s1,m2) + 2(s − s1 − s2)D2(s, s2,m2)
+ ((s− s2)2 − s21)C0(s, s1, s2,m2)
]
R4(s, s1, s2,m
2) = R2(s, s1, s2,m
2) (148)
R5(s, s1, s2,m
2) = R3(s, s1, s2,m
2) (149)
R6(s, s1, s2,m
2) =
g2m2
2π2(s− s1 − s2)
[
2B0(s,m2)−D1(s, s1,m2)−D2(s, s2,m2)
]
(150)
R7(s, s1, s2,m
2) =
g2m2
24π2s
[
2B0(s,m2) + 2
σ2
C0(s, s1, s2,m2)
(
(s− s1) 2 + s22 + 4ss2 − 2s1s2
)×
(
2m2
(
s2 − 2 (s1 + s2) s+ (s1 − s2) 2
)
+ s
(
s2 − 2 (s1 + s2) s+ s21 + s22 + 4s1s2
))
+
D1(s, s1,m2)
σ2
(
5s4 − 2 (7s1 + s2) s3 + 4
(
3s21 + 5s2s1 − 3s22
)
s2
− 2 (s1 − s2)
(
s21 + 12s2s1 + 5s
2
2
)
s− (s1 − s2) 4
)
+
D2(s, s2,m2)
σ2
(
− 2 (9s2 + 8s1s+ 3s21) s22 − (s− s1) 4 + 4 (7s+ s1) s2 (s− s1) 2
− s42 + 4 (s1 − 2s) s32
)
+
2
(
(s− s1) 2 + s22 + 4ss2 − 2s1s2
)
σ
]
(151)
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R8(s, s1, s2,m
2) =
g2m2
24π2s
[
2B0(s,m2) + 2C0(s, s1, s2,m
2)
σ2
(
s2 + 4s1s+ s
2
1 + s
2
2 − 2 (s+ s1) s2
)×
(
2m2
(
s2 − 2 (s1 + s2) s+ (s1 − s2) 2
)
+ s
(
s2 − 2 (s1 + s2) s+ s21 + s22 + 4s1s2
))
− D1(s, s1,m
2)
σ2
(
s4 − 4 (7s1 + s2) s3 + 2
(
9s21 + 26s2s1 + 3s
2
2
)
s2
+ 4 (s1 − s2)
(
2s21 + 6s2s1 + s
2
2
)
s+ (s1 − s2) 4
)
+
D2(s, s2,m2)
σ2
(
5s4 − 2 (s1 + 7s2) s3 + 4
(−3s21 + 5s2s1 + 3s22) s2 − (s1 − s2) 4
+ 2 (s1 − s2)
(
5s21 + 12s2s1 + s
2
2
)
s
)
+
2
(
s2 + 4s1s+ s
2
1 + s
2
2 − 2 (s+ s1) s2
)
σ
]
(152)
R9(s, s1, s2,m
2) =
g2m2
12π2s
[
2B0(s,m2)
(
1 +
3s
γ
)
− 2C0(s, s1, s2,m
2)
σ2
(
2s2 − (s1 + s2) s− (s1 − s2) 2
)×
(
2m2
(
s2 − 2 (s1 + s2) s+ (s1 − s2) 2
)
+ s
(
s2 − 2 (s1 + s2) s+ s21 + s22 + 4s1s2
))
+
D1(s, s1,m2)
γ σ2
(
− 10s5 + (23s1 + 41s2) s4 − 2
(
5s21 + 27s2s1 + 32s
2
2
)
s3
− 2 (s1 + s2)
(
4s21 + 5s2s1 − 23s22
)
s2 + 2 (s1 − s2)
(
2s31 + 19s2s
2
1 + 8s
2
2s1 + 7s
3
2
)
s
+ (s1 − s2) 4 (s1 + s2)
)
+
D2(s, s2,m2)
γ σ2
(
2
(−4s2 + 17s1s+ s21) s32 + (s− s1) 2 (23s2 − 8s1s− 3s21) s2
− 2 (5s3 + 9s1s2 + 11s21s− s31) s22 + s52 + (4s− 3s1) s42 − (s− s1) 4 (10s− s1)
)
+
2
(−2s2 + (s1 + s2) s+ (s1 − s2) 2)
σ
]
, (153)
where s = k2 = (p + q)2, s1 = p
2, s2 = q
2, γ ≡ s − s1 − s2, σ ≡ s2 − 2(s1 + s2) s + (s1 − s2)2 and
the scalar integrals B0(s2,m2), D1(s, s1,m2), D2(s, s1,m2), C0(s, s1, s2,m2) for generic virtualities and
masses are defined in Appendix A.
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C Appendix. Form factors for the ΛαβV V amplitude
We write in this appendix the form factors G1 and G2 appearing in eq. 127 as contributions to the
classical trace obtained for the 〈TJV JV 〉 correlator
G1(s, s1, s2,m
2) =
g2γm2
π2σ
+
g2D2(s, s2,m2) s2m2
π2σ2
[
s2 + 4s1s− 2s2s− 5s21 + s22 + 4s1s2
]
−g
2D1(s, s1,m2) s1m2
π2σ2
[− (s− s1) 2 + 5s22 − 4 (s+ s1) s2]
−g2 C0(s, s1, s2,m2)
[
m2γ
2π2σ2
[
(s− s1) 3 − s32 + (3s+ s1) s22 +
(−3s2 − 10s1s+ s21) s2]− 2m4γπ2σ
]
,
(154)
G2(s, s1, s2,m
2) = −2g
2m2
π2σ
− 2g
2D2(s, s2,m2)m2
π2σ2
[
(s− s1) 2 − 2s22 + (s+ s1) s2
]
− 2 g
2D1(s, s1,m2)m2
π2σ2
[
s2 + (s1 − 2s2) s− 2s21 + s22 + s1s2
]
− g2C0(s, s1, s2,m2)
[
4m4
π2σ
+
m2
π2σ2
[
s3 − (s1 + s2) s2 −
(
s21 − 6s2s1 + s22
)
s
+ (s1 − s2) 2 (s1 + s2)
]]
, (155)
where γ ≡ s − s1 − s2, σ ≡ s2 − 2(s1 + s2) s + (s1 − s2)2 and the scalar integrals D1(s, s1,m2),
D2(s, s1,m2) and C0(s, s1, s2,m2) have been already defined in Appendix A.
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